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1 General equalities
Spherical symmetric part of tensor: (Captures change in volume for ¢)
A’ = étr(A) «1 (1)
Deviatoric part of tensor: (Captures change in shape for ¢)
Ad:A—AS:A—étr(A)*I )
Gauss Theorem:
/ VvdV = / v-ndS (3)
v s
Angle between vectors:
v-w = ||v||||w]|cos(Lvw) “@
ABC-formula:
—b+Vb? — dac
r=——"——— (5)
2a
Rotation:
cos(a)  sin(a) O
R = |sin(a) —cos(a) 0| det(R)=1, RT =R~} (6)
0 0 1
2 Small strain:
“Reference” configuration “Current” configuration
Vo V dl = F - dl,
2
—
y(x) o ~/dl
Y1
y deformation map
F deformation gradient
RV
F=Vy= x @)
Displacement of point
u(x) =y(x) —x (8)
Displacement gradient:
Vu=Vy-I=c¢+uw 9



Strain: )
azéx(Vu+Vuﬁ

Rotation: )
w= 5>«<(Vu—VuT)

Only when ||u|| = Vu:u << 1!

2.1 Invariants:

if eigenvalues of ¢ are given by «;.
IA = tT(A)

IIp = €1 % €3 + €3 x €3 + €1 % €3

1115 = det(A) = €1 * €g * €3

3 Kinematics at large deformation

Nanson’s Formula (change in area)
ndA = det(F)F~ T . nydA,

Change in volume:

av
det(F) = —
et(F) = G-
Relative change in volume:
r(e) = dV —dV,
Al
Right Cauchy-Green deformation:
C=F" F

V/C = U Pure deformation!
Polar decomposition ((Rotation) - (Pure de formation)):

F=R-U

(10)

(1D

(12)
(13)
(14)

(15)

(16)

(17)

(18)

(19)

Find U using v/C = PD'/?2P~', (P is eig. vector matrix of C, D is eig. value matrix of (C'). Find R=F - U™*

Green Langrange Strain:
1
E=—-(C-1I
S(€-1)

AV,

t(n)

Cauchy’s equation:

t(n) =o0- 1N < t; = OijNn;

The stress tensor (o) used can be calculated using:

c=t(n)®n

The normal stress (o) is calculated by projecting the vector t along n (vector initially chosen)

c=t(n)-n

t(—n)f TTI/‘b [

(20)

(2D

(22)

(23)



The shear stress () is calculated by projecting the vector t along a vector along its plane (s).

T=t(n)-s
Deviatoric stress: (o)
ol=0g— - 3 I
Hydrostatic stress:
ol = tréa)l

4 Stress in small deformations

u

Balance of forces: (equilibrium of momentum)
/ de+/tdS < b—‘rdl’U(O’) =0 <«<— bi+0'ij7j =0
1% s

Equilibrium of moment of moments:

swert :/b-éudV+/t-6udS

SWint — / de: odV
v

6Wemt — 6W1'nt

5 Elasticity in small deformations
c=C:¢
Internal stored energy density (i.e. per volume): (Hooke’s law)
1 1
1/)250'.6:55.@.6

Stress in a material is the change in internal stored energy over change in strain:

0 0
J::‘gg (= oy = 3;1)
Isotropic stiffness tensor (symmetries due to isotropy)
C=ANMeI+2ul’
With I* being the 4th order symmetric unit tensor.

Cijnk = AijOnk + p(0indjx + 0ikdjn)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(3D

(32)

(33)

(34

(35)

(36)
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ol =[Cl: el = | ;| = 0 0 0 g 0 0| |26
o13 0 0 0 0 u 0 |23
023 0 0 0 0 O 1% 2523
o= Ar(e)l + 2ue
4th order compliance tensor (S):
e=S:o
S=———IRI+ i]IS
 2u(3\ +2u) 24
A 1
= _tr(o)+ —
S T e T LG i
(E,v) (K, 1) (E,1)
E E uK E
3K+ pu
v v 3K — 2}1 E— 2/1
203K + ) 2u
G,u E Iz u
2(1+v)
K E K UE
3(1—2v) 3Bu—E)
1 Ev 3K — 26 u((E =—2p)
A+v)(1—-2v) 3 3u—E

(37)

(38)

(39)
(40)

(41)



6 Beam Theory

6.1 Uniaxial tension

Stress tensor:

using € = —vitr(o)I + (1 + v)o:

6.2 Uniform Bending

r=m
>

X2

A

v

o=—€e e

f
= —e;Xe —

>

e

T

Moment of inertia:

Curvature is moment over bending stiffness:

Bend limit:
Since o111 = HE{EQ = %

o

12

Lol M
R EI

Ve®e er®e
2 2T s 3

. m

€11 = KT2€1 ® €1

e = %( —vtr(o)+ (1 + V)a)

c=F- rrie; ®e;

(42)

(43)

(44

(45)

(46)
47)

(48)

(49
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6.3 Torsion

r=t X2 t
1-1—::—»*-1 ] ———
) !

L

Cross sectional shear is total angle over length

o=" (50)
Hence rotation at x; is ¢ - x7.
Ug = —p - T1T3 U3 = Q- T1T2 (51
Resulting in:
0 _wag 5%2
e] = | Zfxs 0 0 (52)
%xz 0 0
0 TR E R TR 2
o] = |u- 23 0 0 (53)
IR 0 0
Torque:
t= / To013 + x3012dA = ¢ - pl, (54)
A

(with I, = 17 RY)



7 Elastoplasticity

Internally stored energy + applied/dissipated is smaller than zero:

d d
/Udifdv_/vpe“(u)dv:/vc%dv_/va:édv <0 (55)

Replace il—’f with derivative w.r.t. its inputs. (ex. % = % - ¢ (might require chain rule)).

(wziﬁ(fe,a)—)%:%'52-#%'01:%'564-0)

Dissipation (energy leaving per volume unit per time unit) (from definition of internal work) (Can often use
Oym = 0y):

D=0:¢,=0um Ecq(>0) (56)
om0 &
Von Mises equivalent stress (J2):
Oom = \/gad cod (58)
Von Mises strain:
€eq = %ap t€Ep (59)

Von Mises criterion: (with o; being principal stress (eigenvalue, of o))
flo) = (01 —02)* + (02 — 03)° + (03 — 01)* — 20% =0 (60)

Tresca criterion: (with o; being principal stress (eigenvalue, of 7))

flo) = max(|oy — 03], |01 — o3|, |02 — 03]) —0y =0 (61)
1D criterion:
flo) =lo| —oy(-m) =0 (62)
07 A
. (o)
Von Mises
1D tension
Oy Oy (oF]
Tresca

Figure 1: border defines yield surface, interior defines admissibility domain

Stress (o) is dependent upon elastic strain (e.). Plastic deformation () is dependent upon plastic strain (e;)
A =4 =da=|).

&y = 4R(o) = 1D 63)
P(ee, ) = %Eeg + %Koz2 (64)



o= Oy
T Oe,

=FE-e.=E(c—¢p)

7.1 Common hardening laws (J2)

Linear hardening:
Oy = 0yqg + Hé‘gq

Ludwik law:

eP \n
O’y:0y0|:1+( eq)} TLG[O,].]
€y o

Ramberg-Osgood:

m—1
qu:%[1+a<07y) } m >0
0yo

8 Equilibrium at large deformations

First Piola-Kirchhoff stress tensor:

P:=det(F)o - F T =F-S

Second Piola-Kirchhoff stress tensor:
S=F'.p

Kirchhoff stress tensor:
7 = det(F)o = PFT

div(P) + by = 0

Balance of moments:
F.-PT = (F.-PT)T

(Internal) virtual work:
5Wint = / P: FdV(: / PZ‘AFZ'AdV)
v v
Internally stored energy + applied/dissipated is smaller than zero:

dip

/%—P:deogo ~— — _P:F<0
v dt

dt

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)
(73)

74

(75)

(76)



8.1 Hyperelastic materials
* Define the kinematic variables — what ¢) depends on;
¢ Derive the constitutive restrictions;
* Assign the specific Helmoltz free energy.
* Specify admissibility domain.
* Determine incremental constitutive equations

Kinematic Variables:

Y = y(F) = ¢(C)
Constitutive restrictions:
dy . o - oY . o oY
— —P:F<K — :F—-P:F< — —P):F< = __ —9F—L
CoPiF<0 = o F-PiF<O ¢:-(8F ﬂ F<O0 > P=oo=2F
_ _ oY oYy Oy
— 1 . = 1 . —_— = = —
S=F P=F (2F 8C) 2 0C OE
(since E = %(C - I))
o
7T=P-F F 7C F

Helmotz free energy: Must satisfy:
* ¢ — o0, if det(F) — 0
* Hooke’s law is recovered for small deformations 0 =C : ¢
¢« p=0ifF=1

1
1/}(C):§E:(C:E — S=C:E

(77)

(78)

(79)

(80)

(81)



Saint-Venant

» for isotropic and anisotropic elasticity

* for large rotations and small strain(unphysical under large compression)

S = A\tr(E)I+ 2uE (82)
Mooney-Rivlin
* for isotropic elasticity
* for large strains and rotations
* for incompressible materials (rubbers)
S— (ul - ,ugtr(C))I + 12C (83)
Neo-Hookean
* for isotropic elasticity
* for large strains and rotations
* for compressible materials (rubbers)
A
_ 1 - 2 —1
S = u(l C ) 2 (det(F) 1)c (84)

20 0 : ‘
= Saint-Venant
——Neo-Hookean

15+

S-V goes to zero
as 1 — 0 (= detF = 0)
- Unphysical!
- S-V can be used

for small strains.

107

N-H diverges
as 1 - 0 (= detF = 0)

0.6 0.8

Different models coincide
in small strain regime

10




9 Polycrystal plasticity

[abc]: specific direction

< abc >: family of directions
(abe): specific plane

{abc}: family of planes

Body-centered-cubic crystals (BCC)

Face-centered-cubic crystals (FCC) T [001]

#[001] @i@

[100]/

Hexagonal-closed-packed
crystals (HCP)

~.[010]
~.[010]

{110}(111) slip systems

{111}110) slip systems But also observed

{112}(111) slip systems

. Multiple slip systems
{123}(111) slip systems active

Yin et al. (2017) Acta Mater 123, 223

Figure 2: Slip trace due to shear along slip direction

Calculation of shear stress (7): (Schmid’s law)

T = ocos(0)cos(n) (85)

Oy — M - TY M = 3.067 (86)

11



10 Crystal plasticity

Tq Tq
™ / /|
F, / //
ng ng l// /
T——O Sg € T T_' Sg (T
a

Figure 3: Continuum model
Schmid tensor (shows direction of shear) (slip direction: s§, slip plane normal: ng) :
P; = s§ ©nf

Shear stress on a'" shear system:
To =M : P§

L, shows the direction of plastic deformation:
L, = \R(M) =F, -F, Z% Py

Plastic velocity gradient: _ '
di; =F, -F,"-dl; =L, - dl;

Since ¢ = )(F.) = (F-F,'):
N

P =
OF.

-T
-F,

Dissipation:
D=P:F,-Fp=(C.-S):L, >0

PRERE
Yo Ta,Y

Rate dependence:

10.1 Hardening

t
Ta,Y = Ta,0 +/ ga(T)dT

0

9a(T) = hap| Vsl
Hardening matrix:
T a
haﬁ = hO(l - ﬂ) qap
Too

87)

(88)

(89)

(90)

oD

(92)

(93)

99

(95)

(96)
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11 Elastoplasticity at large deformations

Reference configuration

Intermediate configuration

Total deformation is found using chain rule:

_02(y(x) dy _
ay oz

F,(t) is history dependent: . L, explains in which direction F,, is changing.
Dissipation:

D=(C.-S):L,=P:F.-F, >0
e _r1 T
S=F,'-P-F

Driving/Mandel stress (acting on intermediate configuration):

Von Mises equivalent stress:

Rate dependent flow:

Flow direction:

R_ . /3M
2 My
T — o g
P F Pia= F?
OF, » T AT gpe foa

(if no plasticity, F, = 1)

97

(98)
(99)

(100)

(101)

(102)

(103)

(104)

(105)
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